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Abstract. It is shown that if {X, || • is a Banach space with Rademacher cotype q then 
for every integer n there exists an even integer m < n^'^v such that for every / : ZJ^ — > X 
we have 
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where the expectations are with respect to uniformly chosen x e ZJ^ and e £ 0, 1}", and 
ah the imphed constants may depend only on q and the Rademacher cotype q constant of X . 
This improves the bound of to < n^"*" « from |13| . The proof of ^ is based on a "smoothing 
and approximation" procedure which simplifies the proof of the metric characterization of 
Rademacher cotype of [13] . We also show that any such "smoothing and approximation" 
approach to metric cotype inequalities must require m > n^^? . 
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1. Introduction 



A metric space d^) is said |13J to have metric cotype g > with constant F > if 
for every integer n there exists an even integer m such that for every / : — )■ X we have 



d, 



/ ( ^ + y 



d^{f{x + e)J{x)f 



(2) 



In ([2]) the expectations are taken with respect to x chosen uniformly at random from the 
discrete torus and e chosen uniformly at random from { — 1, 0, 1}" (the £oo generators of 
I'm)- Also, in ([2]) and in what follows, {e-,}"^! denotes the standard basis of ZJ^. 

A Banach space (X, || ■ is said to have Rademacher cotype g > if there exists a 
constant C < oo such that for every n G N and for every Xi, 0:2, x„ G X, 



(3) 



X is said to have Rademacher type p > if there exists a constant T < 00 such that for 
every G N and for every Xi, X2, a;„ G X, 



E, 



E 



i=i 



(4) 



The smallest possible constants C, T in (E]) , (H]) are denoted Cp{X),Tp{X), respectively. We 
refer to [121 IS] for more information on the notions of type and cotype, though the present 
paper requires minimal background of this theory. We shall use throughout standard Banach 
space notation and terminology, as appearing in, say. 
The following theorem was proved in [T3] : 



Theorem 1.1 (Il3j). A Banach space (X, 
has metric cotype q. 



\x, 



has Rademacher cotype q if and only if it 



Thus, for Banach spaces the linear notion of Rademacher cotype q is equivalent to the 
notion of metric cotype g, which ignores all the structure of the Banach space except for 
its metric properties. Theorem 11.11 belongs to a comprehensive program, first formulated 
by Bourgain in [2], which is known as the Ribe program, whose goal is to recast the local 
theory of Banach spaces as a purely metric theory. A byproduct of this program is that 
linear properties such as Rademacher cotype can be made to make sense in general metric 
spaces, with applications to metric geometry in situations which lack any linear structure. 
We refer to [13] and the references therein for more information on the Ribe program and 
its applications. 

Definition ([2]) and Theorem 11.11 suppress the value of m, since it is irrelevant for the 
purpose of a metric characterization of Rademacher cotype. Nevertheless, good bounds on 
m are important for applications of metric cotype to embedding theory, some of which will 
be recalled in Section 11.31 It was observed in [T3] that if the metric space ^ contains at 
least two points then the value of m in (|2]) must satisfy m > n^/'^ (where the implied constant 
depends only on F). If X is a Banach space with Rademacher type p > 1 and Rademacher 
cotype g, then it was shown in [13] that X satisfies the metric cotype g inequality ([2]) for 
every m ^ n^^'^ (in which case F depends only on p, g, Tp(X), Cg(X)). Such a sharp bound 



2 



on m is crucial for certain applications [131 E] of metric cotype, and perhaps the most 
important open problem in fi3\ is whether this sharp bound on m holds true even when the 
condition that X has type p > 1 is dropped. The bound on m from [13j in Theorem 11.11 is 
m > n^'*''?. Our main result improves this bound to m > n^^^: 

Theorem 1.2. Let X be a Banach space with Rademacher cotype g ^ 2. Then for every 
n G N, every integer m ^ Qn i which is divisible by 4, and every f : — )■ X , we have 



f [x + - f{x) 



\\f{x + e)-f{x)\\\ . (5) 



\ Z ' / X 

i=i 

In ([5]), and in what follows, <x, indicate the corresponding inequalities up to constants 
which may depend only on q and Cq{X). Similarly, we will use the notation <g, >g to indicate 
the corresponding inequalities up to constants which may depend only on q. 

Though a seemingly modest improvement over the result of [13] , the strengthened metric 
cotype inequality ^ does yield some new results in embedding theory, as well as a new proof 
of a result of Bourgain |3] ; these issues are discussed in Section 11.31 More importantly, our 
proof of Theorem 11.21 is based on a better understanding and sharpening of the underlying 
principles behind the proof of Theorem 11.11 in [13]. As a result, we isolate here the key 
approach to the metric characterization of Rademacher cotype in [13] , yielding a simpler and 



clearer proof of Theorem II. H in addition to the improved bound on m. This is explained 
in detail in Section 11.11 While the bound m > ri^^~i is far from the conjectured optimal 
bound m ^ n^/'^, our second main result is that (a significant generalization of) the scheme 
for proving Theorem II. II and Theorem II .21 (which is implicit in [13] and formulated explicitly 
here) cannot yield a bound better than m > i . Our method for proving this lower bound 
is presented in Section HI and might be of independent interest. 

We remark in passing that in [13] a one parameter family of variants of the notion of 
metric cotype is studied, corresponding to raising the distances to powers other than g, and 
modifying the right-hand side of ([2]), ([S]) accordingly (we refer to [T3j for more details). 
The argument presented here can be modified to yield simplifications and improvements of 
all the corresponding variants of Theorem 11.11 While these variants are crucial for certain 
applications of metric cotype [131 E] , we chose to present Theorem 11.21 only for the simplest 
"vanilla" version of metric cotype (I2|), for the sake of simplicity of exposition. 

Notation for measures. Since our argument uses a variety of averaging procedures over 
several spaces, it will be convenient to depart from the expectation notation that we used 
thus far. In particular, throughout this paper will denote the uniform probability measure 
on (m,n will always be clear from the context), a will denote the uniform probability 
measure on {—1, 0, 1}*^, and r will denote the uniform probability measure on { — 1, 1}". 

1.1. The smoothing and approximation scheme. We start with a description of an 
abstraction of the approach of [13j to proving the metric characterization of Rademacher 
cotype of Theorem 11.11 

For a Banach space X, a function / : Z!J^ — )■ X and a probability measure v on ZJ^, we 
use the standard notation for the convolution f * v : ZJ^ — )■ X: 

f * z/(x) = / f{x-y)du{y). 
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Assume that we are given n probability measures z/i, . . . , i/„ on Z^, and two additional 
probability measures (32 on the pairs in x of £00 distance 1, i.e., on the set 

E^iTj"^ [{x,y) eZ-^xIZ,: a; - y G {-1, 0, 1}" }. (6) 

For A,S,q^ 1, we shall say that the measures z/i, . . . , ^2 are a (g, A, S)-smoothing and 

approximation scheme on ZJ^ if for every Banach space (X, || ■ and every / : ZJ^ — )■ X 
we have the following two inequalities: 

(A) Approximation property: 

-E/ \\f*yA^)-f{x)\\\d^^{x)^A^ I \\f{x)-f{y)\\\dp,{x,y). (7) 

^ ,=1 >^Z« JE^iZ^) 



(S) Smoothing property: 




[ \\fix)-f{y)rMx,y). (8) 

Often, when the underlying space Z^ is obvious from the context, we will not mention it 
explicitly, and simply call z/i, . . . , a (g, A, S')-smoothing and approximation scheme. 

In some cases, however, it will be convenient to mention the underlying space Z^ so as to 
indicate certain restrictions on m. 

We introduce these properties for the following simple reason. We wish to deduce the 
metric cotype inequality (jSD from the Rademacher cotype inequality ([2]). In essence, the 
Rademacher cotype condition is the same as the metric cotype inequality when 
restricted to linear mappings. This statement is not quite accurate, but it suffices for the 
purpose of understanding the intuition behind the ensuing argument; we refer to Section 5.1 
in [13J for the precise argument. In any case, it stands to reason that in order to prove ([5]) 
from ([3]), we should first smooth out /, so that it will be locally well approximated (on 
average) by a linear function. As we shall see momentarily, it turns out that the appropriate 
way to measure the quality of such a smoothing procedure is our smoothing property ([8]). 
Of course, while the averaging operators corresponding to convolution with the measures 
1^1, . . . , z/„ yield a better behaved function, we still need the resulting averaged function to 
be close enough to the original function /, so as to deduce a meaningful inequality such 
as for / itself. Our approximation property ([7]) is what's needed for carrying out such 
an approach. 

The above general scheme is implicit in [13] . Once we have isolated the crucial approxima- 
tion and smoothing properties, it is simple to see how they relate to metric cotype. For this 
purpose, assume that the Banach space X has Rademacher cotype q, and for each x G Z^ 
apply the Rademacher cotype q inequality to the vectors {f * uji^x + Cj) — f * z/j(x — ej)}^^i 
(where the averaging in is with respect to e G { — 1, 1}", rather than e G { — 1, 0, 1}"; it is 
an easy standard fact that these two variants of Rademacher cotype q coincide): 
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'{-1,1^ 



n 



dT{e) 



X 



■ (9) 



\\f *'^j{x + ej) - / * 

The triangle inequality, combined with the convexity of the function t i— )■ t'^, implies that for 
every x G and j G {1, . . . , n} we have 



^ 3 



/ * z., (x + ^e,) - / (x + |e,) + 3"-!/ * v,{x) - f{x)\\\. (10) 

At the same time (recalling that m is divisible by 4), a combination of the triangle inequality 
and Holder's inequality bounds the first term in the right hand side of flTU]) as follows: 



m/4 



/ * \^ + ye^j - f *Uj{x) ^ X] 11/ * '^i(a; + 2tej) - / * z/j(x + 2(t - 1)6^) 



4 



m/4 



5^ 11/ * z/,(x + 2te,) - / * z/,(x + 2{t - l)e 



'11^ 



t=i 



Substituting (ITT]) into (fTOj) . summing up over j G {1, • • • and integrating with respect 
to X G ZJ^ while using the translation invariance of the measure /x, we deduce the inequality 

n „ n „ 

E / /(^ + T".)-/(^) ' ^M^)<3^E / ll/*^.(^)-/(^)lli^M^) 

n „ 

+ /„ \\f*^A^ + e,)-f*y,{x-e,)\\\dii{x). (12) 

We can now bound the first term in the right hand side of f|T2|) using the approximation 
property ([7]), and the second term in the right hand side of f|T2|) using ([9]) and the smoothing 
property ([8]). The inequality thus obtained is 

/ / (a; + ttCj ) - /(x) rf/i(x) 

IxinA^ + m^S'^) [ ||/(x) - /(y) ||^d/33(x, y), (13) 



where /Ss = (/3i + /32)/2. Note in passing that when m < A, an inequality such as (1T3|) . with 
perhaps a different measure /^s on i?oo(ZJ^), is a consequence of the triangle inequality, and 
therefore holds trivially on any Banach space X. Thus, for our purposes, we may assume 
throughout that a (g. A, S')-smoothing and approximation scheme on Z!J^ satisfies m > A. 
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Assuming that 




(14) 



inequality f |T3|) becomes 



/ ll/(a:)-/(l/)||^rf/33(a;,i/). (15) 



If we could come up with a smoothing and approximation scheme for which 5* < 1, and m 
satisfied (|T^ . then inequahty f fTSj) would not quite be the desired metric cotype inequality ([5]), 
but it would be rather close to it. The difference is that the probability measure /Ss is 
not uniformly distributed on all £oo edges Eoq{1I^), as required in ([5]). Nevertheless, for 
many measures /Ss, elementary triangle inequality and symmetry arguments can be used to 
"massage" inequality ffT^ into the desired inequality This last point is a technical issue, 
but it is not the heart of our argument: we wish to design a smoothing and approximation 
scheme satisfying S* < 1 with A as small as possible. In such a scheme was designed 
with A < n^. Here we carefully optimize the approach of [13j to yield a smoothing and 

approximation scheme with A < n, in which case f|T^ becomes the desired bound m > n^^'i . 

The bounds that we need in order to establish this improved estimate on m are based 
on the analysis of some quite delicate cancelations; indeed the bounds that we obtain are 
sharp for our smoothing and approximation scheme, as discussed in Section WTH In proving 
such sharp bounds, a certain bivariate extension of the Bernoulli numbers arises naturally; 
these numbers, together with some basic asymptotic estimates for them, are presented in 
Section 13.11 The cancelations in the Rademacher sums corresponding to our convolution 
kernels are analyzed via certain combinatorial identities in Section 13.21 

1.2. A lower bound on smoothing and approximation with general kernels. One 

might wonder whether our failure to prove the bound m > n^^'^ without the non-trivial 
Rademacher type assumption is due to the fact we chose the wrong smoothing and ap- 
proximation scheme. This is not the case. In Section H] we show that any approach based 
on smoothing and approximation is doomed to yield a sub-optimal dependence of m on 
n (assuming that the conjectured n^/'^ bound is indeed true). Specifically, we show that 
for any {q, A, S')-smoothing and approximation scheme on Z^, with m > A, we must have 
>g ^/n. Thus the bound 5" < 1 forces the bound A >q y/n, and correspondingly (HM 
becomes m >g ra^"*"?. Additionally, we show in Section H] that for the specific smoothing and 

approximation scheme used here, the bound m > n i is sharp. 

It remains open what is the best bound on m that is achievable via a smoothing and 
approximation scheme. While this question is interesting from an analytic perspective, our 
current lower bound shows that we need to use more than averaging with respect to positive 
measures in order to prove the desired bound m > n^^'^. 

Note that the lower bound m >g n'^ i for smoothing and approximation schemes rules 
out the applicability of this method to some of the most striking potential applications of 
metric cotype to embedding theory in the coarse, uniform, or quasisymmetric categories, 
as explained in Section II. 3j these applications rely crucially on the use of a metric cotype 
inequality with m x n^^'^. 
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The cancelation that was exploited in [13] in order to prove the sharp bound on m in the 
presence of non-trivial Rademacher type was also related to smoothing properties of convolu- 
tion kernels, but with respect to signed measures: the smoothed Rademacher sums in the left 
hand side of (|S]) are controlled in [13] via the Rademacher projection, and the corresponding 
smoothing inequality (for signed measures) is proved via an appeal to Pisier's if-convexity 
theorem [13]. It would be of great interest to understand combinatorially/geometrically the 
cancelations that underly the estimate m ^ n^^'' from [13], though there seems to be a lack of 
methods to handle smoothing properties of signed convolution kernels in spaces with trivial 
Rademacher type and finite Rademacher cotype. 

1.3. The relation to nonembeddability results and some open problems. We recall 
some standard terminology. Let {X, dx) and (F, dy) be metric spaces. X is said to embed 
with distortion D into Y if there exists a mapping / : X — > F and (scaling factor) A > 0, 
such that for all x, ?/ G X we have Xdx{x,y) ^ dY{f{x),f{y)) ^ DXdx{x,y). X is said to 
embed uniformly into Y if there exists an into homeomorphism f : X ^ Y such that both 
/ and are uniformly continuous. X is said to embed coarsely into Y if there exists a 
mapping f : X ^ Y and two non- decreasing functions a, (3 : [0, oo) — i- [0, oo) such that 
limt^oott(t) = oo, and for all x,y E X we have a{dx{x,y)) ^ dY{f{x),f{y)) ^ f3{dx{x,y)). 
X is said to admit a quasisymmetric embedding into Y if there exists a mapping f : X ^ Y 
and an increasing (modulus) r] : (0, oo) — )■ (0, oo) such that for all distinct x,y,z E X we 



For a Banach space X, let qx denote the infimum over those q ^ 2 such that X has 
Rademacher (equiv. metric) cotype q. It was shown in [131 [H] that if X, Y are Banach spaces, 
Y has Rademacher type p > 1, and X embeds uniformly, coarsely, or quasisymmetrically 
into Y, then qx ^ qy- Thus, under the Rademacher type > 1 assumption on the target 
space, Rademacher cotype q is an invariant that is stable under embeddings of Banach 
spaces, provided that the embedding preserves distances in a variety of (seemingly quite 
weak) senses. The role of the assumption that Y has non-trivial Rademacher type is via the 
metric cotype inequality with optimal m: the proofs of these results only use that Y satisfies 
the metric cotype q inequality (|2]) for some m x n^^'^ (under this assumption, Y can be a 
general metric space and not necessarily a Banach space). This fact motivates our conjecture 
that for any Banach space Y with Rademacher cotype q, the metric cotype inequality ([5]) 
holds for every m >y n^/^. The same assertion for general metric spaces of metric cotype q 
is too much to hope for; see [T9] . 

Perhaps the simplest Banach spaces for which we do not know how to prove a sharp metric 
cotype inequality are Li and the Schatten-von Neumann trace class (see, e.g., [21]). Both 
of these spaces have Rademacher cotype 2 (for 5*1 see [H]), yet the currently best known 
bound on m in the metric cotype inequality ([5]) (with q = 2) for both of these spaces is 
the bound m > ra^/^ obtained here. The above embedding results in the uniform, coarse 
or quasisymmetric categories do hold true for embeddings into Li (i.e., a Banach space X 
that embeds in one of these senses into Li satisfies qx = 2). This fact is due to an ad-hoc 
argument, which fails for 5*1 (see Section 8 in [13j for an explanation). We can thus ask the 
following natural questions (many of which were already raised in [13]): 

Question 1. Can Lr admit a uniform, coarse, or quasisymmetric embedding into 5*1 when 
r > 2? More ambitiously, can a Banach space X with qx > 2 embed in one of these senses 




7 



into 5*1? In greatest generality: can a Banach space X embed in one of these senses into a 
Banach space Y with qy < (Jx? 

If a Banach space X admits a uniform or coarse embedding into 5*1, then X must have finite 
cotype. This fact, which could be viewed as a (non-quantitative) step towards Question [H 
was communicated to us by Nigel Kalton. To prove it, note that it follows from [TTJ Lem. 3.2] 
that for any ultrapower (Si)"^'^ of 5*1, the unit ball of {Si)'^ is uniformly homeomorphic to a 
subset of Hilbert space. Thus (Si)'^ has Kalton's property Q (see P] for a detailed discussion 
of this property). If the unit ball of X is uniformly homeomorphic to a subset of Si (resp. X 
admits a coarse embedding into Si), then the unit ball in any ultrapower of X is uniformly 
homeomorphic to a subset of (S'l)'^ (resp. any ultrapower of X admits a coarse embedding 
into (Si)"''^). By the proof of [8, Thm. 4.2], it follows that any ultrapower of X has property 
Q, and hence it cannot contain cq. Thus X cannot have infinite cotype by the Maurey-Pisier 
theorem piij and standard Banach space ultrapower theory (see [U Thm. 8.12]). 

Question 2. Does 5*1 admit a uniform, coarse, or quasisymmetric embedding into a Banach 
space Y with Rademacher type p > 17 More ambitiously, does 5*1 embed in one of these 
senses into Banach space Y with Rademacher type p > 1 and qy = 2? In greatest generality: 
does every Banach space X embed in one of these senses into a Banach space Y with 
Rademacher type p > 17 Perhaps we can even ensure in addition that qy = qx^ 

Question [2] relates to Question [T] since embeddings into spaces with type > 1 would allow 
us to use the nonembeddability results of [T3j . 

While the improved bound on m in Theorem 11.21 does not solve any of these fundamental 
questions, it does yield new restrictions on the possible moduli of embeddings in the uniform, 
coarse, or quasisymmetric categories. Instead of stating our nonembedding corollaries in 
greatest generality, let us illustrate our (modest) improved nonembeddability results for 
snowflake embeddings of L4 into 5*1 (this is just an illustrative example; the method of [13] 
yields similar results for embeddings of any Banach space X with qx > 2 into 5*1, and 
Si itself can be replaced by general Banach spaces of finite cotype). Take 9 G (0,1) and 
assume the metric space (L4, — 1/]|4) admits a bi-Lipschitz embedding into Si. Our strong 
conjectures imply that this cannot happen, but at present the best we can do is give bounds 
on 6. An application of Theorem 11.21 shows that 6 ^ 4/5, i.e., we have a definite quantitative 
estimate asserting that a uniform embedding of L4 into 5*1 must be far from bi-Lipschitz. 
The previous bound from [T3] for 5*1 was m = n^/^, yielding 9 ^ 8/9. Our lower bound 
shows that by using a smoothing and approximation scheme we cannot hope to get a bound 
of ^ < 2/3. 

Turning to bi-Lipschitz embeddings, consider the grid {0,1,..., m}" C M"-, equipped with 
the metric. We denote this metric space by [m]^. Bourgain [3] proved that if y is a 

Banach space with Rademacher cotype q, then any embedding of 



i+i 
n 1 



into Y incurs 



distortion >y n^^'^. The same result follows from Theorem 11.21 while the previous estimate 



on m from [13] only yields the weaker distortion lower bound of >y n 9(29+1) for embeddings 



of 



n 1 



into Y. The sharp bound on m from [13] when Y has Rademacher type > 1 

implies that in this case, any embedding of [^^^'^]^ into Y incurs distortion > n^^'^ (where 
the implied constant is now allowed to depend also on the Rademacher type parameters of 
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Y). Our main conjecture implies the same improvement of Bourgain's result without the 
assumption that Y has non-trivial Rademacher type. 

Bourgain's theorem |3] is part of his more general investigation of embeddings of e-nets 
in unit balls of finite dimensional normed spaces. Bourgain's approach in [3] is based on 
ideas similar to ours, that are carried out in the continuous domain. Specifically, given a 
mapping / : [m]^ — )■ Y, he finds a mapping g : ^ Y which is L-Lipschitz and close in 
an appropriate sense (depending on L,m,n) to / on points of the grid Once this is 

achieved, it is possible to differentiate g to obtain the desired distortion lower bound. Bour- 
gain's approximate Lipschitz extension theorem (an alternative proof of which was found 
in [1]) is a continuous version of a smoothing and approximation scheme; it seems plausi- 
ble that our method in Section H] for proving impossibility results for such schemes can be 
used to prove similar restrictions on Bourgain's approach to approximate Lipschitz exten- 
sion. When Y has non-trivial Rademacher type, the improvement in [13] over Bourgain's 
nonembeddability result for grids is thus based on a more delicate cancelation than was used 
in [31 [I]. 

Question 3. Is it true that for any Banach space Y of Rademacher cotype q, any embedding 
of [n^/-?]^ into Y incurs distortion >y n^''^ (if true, this is a sharp bound). Specializing to 
the Schatten-von Neumann trace class 5*1, we do not even know whether the distortion of 
[v^oo '^i ~ V^- Theorem 11.21 implies a distortion lower bound of > n^/^, while the 
bound on m from [13] only yields a distortion lower bound of > n^/^*^. Our results in SectionH] 
show that one cannot get a distortion lower bound asymptotically better than n^^^ by using 
smoothing and approximation schemes. 

We did not discuss here metric characterizations of Rademacher type. We refer to [12] 
for more information on this topic. It turns out that our approach to Theorem 11.21 yields 
improved bounds in [1^ as well; see [5j. 

Acknowledgements. O. G. was partially supported by NSF grant CCF-0635078. M. M. 
was partially supported by ISF grant no. 221/07, BSF grant no. 2006009, and a gift from 
Cisco research center. A. N. was supported in part by NSF grants CCF-0635078 and CCF- 
0832795, BSF grant 2006009, and the Packard Foundation. 

2. Proof of Theorem 11.21 

For n G N denote [n] = {1, . . . , n}. When B C [n], and x G Z^, we will sometimes slightly 
abuse notation by treating element of Z^, with the understanding that for i G M \-B 

we have Xi = 0. For y G Z^, we denote hj ub the restriction of y to the coordinates in B. 

As in [13], for j G [n] and an odd integer k < m/2, we define S{j, k) C by 

SU, k) = [y G [-k, kf C : y, is even A V£ G [n] \ {j} y, is odd}. (16) 

The parameter k will be fixed throughout the ensuing argument, and will be specified later. 
For every j G [n] let Vj be the uniform probability measure on S{j, k). Following the notation 
of [13j, for a Banach space (X, || ■ ||x) and / : Z^ — )■ A, we write f * Uj = Sjf, that is. 
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Recall that i?oo(Z^), defined in (|6]), is the set of all loo edges of ZJ^. Similarly, we denote 
the £i edges of by i.e., 



;i8) 



Clearly Ei(Z- ) C 

Let Z?]" denote the uniform probability distribution on the pairs {x,y) G Eoo{Z^) with 
X — y E { — 1, 1}", and let f3^° denote the uniform probability distribution on Ei{Z^). We 
shall consider the probability measure on E^oiZ^) given by f3i = + f3^°)/2. 

Lemma 5.1 in [13] implies that for all q ^ 1 and / : Z"^ — )■ X we have: 



^E/ ||^:,/-/||^rf/i<(2fcr / 



(19) 



Inequality f|T9l) corresponds to the approximation property ([7]), with A < /c. The relevant 
smoothing inequality is the main new ingredient in our proof of Theorem 11.21 and it requires 
a more delicate choice of probability measure (32 on Eoq{Z^). If {x,y) G Eoq{Z^) then 
X — y E { — 1, 0, 1}". Let S = {i E [n] : Xj = yi}, and define 



(n/A;) 



where Z is a normalization factor ensuring that is a probability measure, i.e.. 



(20) 



provided that, say. 



k > In. 



(21) 



(22) 



Our final choice of k will satisfy fl22|) . so we may assume throughout that Z satisfies fl2Tl) . 

The key smoothing property of the averaging operators \EjYj=\ is contained in the follow- 
ing lemma: 

Lemma 2.1. Let X he a Banach space, q ^ 1, n,m E N, where m > An is divisible by 4, 
and f : Z^ — > X . Suppose that k is an odd integer satisfying 2n ^ A; < y. Then, 



{-1,1}- 



X 



dT{e)d^{x) 

\\f{x)-f{ymd^2{x,y), (23) 



where 5" <q 1. 



We shall postpone the proof of Lemma 12.11 to Section [31 and proceed now to deduce 
Theorem 11.21 assuming its validity. Before doing so, we recall for future use the following 
simple lemma from 
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Lemma 2.2 (Lemma 2.6 from [T3]). For every q ^ 1 and for every f : — )■ X , 



-E/ ||/(a: + e,)-/(x)||^rfMx)<2'^ / 

^ 0=1 -'z;;^ -^{-1,0,1}" 



Proof of Theorem \1.2 . The argument in the introduction leading to (ITS!) . when speciahzed 
to our smoothing and approximation scheme using (fT9|) and (l23l) . shows that if A; ^ 2n and 
m ^ 2kn^^'^, then 

E / / + T^.) - /(^) ' dfi{x)<xm'' [ \\f{x)-f{y)r^dPs{x,y), (25) 



where 



/33 = ^^^^/3r+/3r+/32. 



Note that /JJ' < (32 due to the contribution of S* = in (l20l) . Thus, ( l25l) imphes the following 
bound: 

E / /(^ + Te.)-/(^)|r E / ll/(^ + e,)-/(a:)||^rfM^) 

^ / ^ / / \\f{x + e)-f{x)\\\d^^{x)dr{e), (26) 



where the first term in the right hand side of fl26|) corresponds to 

In order to deduce the desired metric cotype inequality ([5]) from fl26l) . we shall apply fl26|) 
to lower dimensional sub-tori of Z^. Note that we are allowed to do so since our requirements 
on fc, namely k ^ 2n and m ^ 2kn^^'^, remain valid for smaller n. 

Fix 7^ i? C [ra] and X[n]\B £ Zm We can then consider the mapping g : Z^ — X 
given by q^xb) = f{x[n]\B,XB)- Applying fl26|) to and averaging the resulting inequality 
over xin]\B € Zm we obtain 

E / + >(:^)^^T^E / ll/(^ + e,)-/(a:)l|^rfM 

(|5|/A;)^I^ 



5C_B \\S\ 



j£B '^■m 

\\f{x^e)-f{x)\\dii{x)dT{e). (27) 



For B C [n] define the weight W\b\ == 4^^- Multiplying (127|) by V^ibi and summing over 
^ B <Z [n], we obtain the bound 



(|5|/A;)«I^ 



BC[n] 



+ E E ^iBh / ^ 

SQB \\S\) 



\\f{x + e)-f{x)\\\d^^{x)dT{e), (28) 
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where we used the identity 



The first term in the right hand side of ( 128|) is easy to bound, using Lemma 12^21 as follows: 
Et^E/ ll/(^ + e.)-/(^)ll^rfM:^)<-E / ||/(x + e,)-/(x)l|^rf/i(x) 



I2H 

< 2'' 



||/(x + 5)-/(a;)||^d/i(x)da(5), (29) 

'{-1,0,1}" Jz^„ 

where in the first inequality of (!29|) we used the fact that ^"^j^ ~ «• '^^ bound 

the second term in the right hand side of (128|) . note that it equals 



C 



dcf 



5C[n] 5CBC[n] ee{-l,l}S\s 



2l^l-i (|5|/A;)^I^I 



3n-l 



< 



-'■"('ID 



\\f{x + E)- f(x)\\\d^{x) 



ay 



+ (30) 



TC[n]£e{-l,l}r 

where we used the change of variable T = B \ S , and for every T C [n] we write, 

2l^l-l^l(|fi|/A;)''(l^l-l^l) " /n-|r|\ 2^-1^1 (£/A;)«(^-l^l) 



def 



E 



\\B\-\T\} 



E 

£=jT| 



|T| 



G-|T|) 



Fix T C [n]. Using the standard bounds (^)^ ^ (") ^ {^Y ^ which hold for all integers 
^ V ^ u, we can bound a-r as follows: 



--\T\ 



i-\T\ 



e-\T\) 



E 

e=\T\ 



2e{n-\T\)ii- 



-1\ MT\ 



Thus, assuming that k ^ 3n, and recalling that g ^ 2, we get the bound 

'2e(n- |r|)n«-i^ ^"'^ 



«T ^ E 

t=\T\ 



(3n) 



*E f 



< 1. 



(31) 



Combining fl3T]) with fl30|) . we see that the second term in the right hand side of (l28l) is 



~ Qn / ^ / -I 



rc[n]ee{-l,ir 



ll/(x + e)-/(x)||^rf/i(a^) 



{-1,0,1} 



||/(x + 5)-/(x)||^dM^)d^(5). 



n I 'J/n 



12 



In combination with ( 129|) . inequality (128|) implies that 

j = l 



[ \\f{x + S)-f{x)r^d^i{x)daiS), 

,-1,0,1}" Jz^ 

which is precisely the desired inequality Recall that in the above argument, our require- 
ment on k was k ^ 3n, and our requirement on m was m ^ 2kn^^'^ (and that it is divisible 
by 4). This implies the requirement m ^ 6n}'^'^ of Theorem II .21 □ 

3. Proof of Lemma EH] 

Lemma 12.11 is the main new ingredient of the proof of Theorem 11.21 Its proof is based on 
combinatorial identities which relate the "smoothed out Rademacher sum" 

n 

Y^eAS,f{x + ej)-S,f{x-e,)] (32) 
i=i 

to a certain bivariate extension of the Bernoulli numbers. We shall therefore first, in Sec- 
tion [3]T1 do some preparatory work which introduces these numbers and establishes estimates 
that we will need in the ensuing argument. We shall then derive, in Section [3l2| certain com- 
binatorial identities that relate ( |32|) to the bivariate Bernoulli numbers. In Section 13.31 we 
shall combine the results of Section l3TT] and Section [3^ to complete the proof of Lemma [2. II 

3.1. Estimates for the bivariate Bernoulli numbers. There are two commonly used 
definitions of the Bernoulli numbers {S^l^o- more information on these two conventions, 
we refer to http://en.wikipedia.org/wiki/Bernoulli_nuinber. Here we shall refer to the 
variant of the Bernoulli numbers that was originally defined by J. Bernoulli, for which Bi = |, 
and which is defined via the recursion 

'■=§^"0- '''' 

Observe that fl33|) contains the base case Bq = 1 when substituting r = 1. The recursion fl33|) 
extends naturally to a bivariate sequence {Br,s}rs=o^ given by 

It is well-known (cf. [201 Sec. 2.5]) that the exponential generating function for {Br}'^Q is 

def ^e;^ ^ y. 
V ^ - 1 ^ r! 

We shall require the following analogous computation of the bivariate exponential generating 

function of {Br^s}r,s=0- 
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Lemma 3.1. For allx,y G C with \x\, \y\ < n we have 

r=0 s=0 

where the series in ( l35l) is absolutely convergent on {(x,?/) G C x C : \y\ ^ r} for all 
r < 71. 

Proof. The function F(x,y) is analytic on = {(x,?/) G C x C : \y\ < vr}, since its 
only non-removable singularities are when x — ?/ G 2ni{'Z \ {0}). It follows that we can write 
F{x, y) = Yl'^o Yl'^o ^r,sX^y'^, for some {zr^s}'^s=o — where the series converges absolutely 
on any compact subset of D^, (see, e.g., [SI Thm. 2.2.6]). Note that 

X — y 



,n=l / \r=0 s=0 



OO OO / r— 1 s — 1 



(36) 

r=0 s=0 \a=0 ^ ^ 6=0 ^ ' 



At the same time, 



OO OO 



(e^ - e^)F(x, = (X - y)e-e^ = - ?/) E E ^ = E E - ^) (^7) 



r=0 s=0 ■ ■ r=0 s=0 



By equating coefficients in (|36i) and ( l37j) . we see that for all r, s G N U {0}, 

' r—l s—1 \ r— 1 / \ s— 1 



r — s = r!s 



va=0 ^ ' fe=0 ^ ' J a=0 ^ ^ 6=0 

Since Zo,o = 1; the recursive definition (IMI) implies that z^.s = 7^, as required. □ 

An immediate corollary of Lemma [3.11 is that since F(x, ?/) = F{y,x), 

Vr, s G N U {0}, Br,s = Bs,r- (38) 

Another (crude) corollary of Lemma 13.11 is that since the power series in ( 135|) converges 
absolutely on {(x, y) G C x C : |x|, |?/| ^ 2}, for all but at most finitely many r, s G N U {0} 
we have |5^,,/(r!s!)|i/(^+") ^ 1/2. Thus, 

Vr,sG NU{0}, |i?,,,|<^. (39) 

Remark 3.1. Since = ^'-^ — (^^^^^^^; where ((s) is the Riemann zeta function (and 

B2m+i = for m ^ 1), one has the sharp asymptotics \B2m\ ~ (^2-^)2m for the classical 
Bernoulli numbers. We did not investigate the question whether similar sharp asymptotics 
can be obtained for the bivariate Bernoulli numbers. 
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3.2. Some combinatorial identities. We start by introducing some notation. For y G 
write: 

dcf 



M = \{l:yi = k (mod m)}|, 



\ryi'= \{l ■ yi = -k (modm)}|, 

M = M + M and ti/; = M-M. 

We also define 

§ |y G A;]" C Z^^ : is odd Vt G [n]}. 

For X G ZJ^ and e G {—1, 1}"", let x e G ZJ^ be the coordinate wise multiplication, i.e., 
{x © e)j = XjEj. Also for e, G {—1, 1}" let {e, e') = YTj=i ^j^'j- 
We need to define additional auxiliary averaging operators. 

Definition 3.2. For / : Z;; ^ X, A; < f odd, and B C [n], let 

Ai?/(x) = ,1 . I f{x + y)dfi{y), 

KLb) J Lb 

where 

Lb = [y G (-fc, kY C Z::, : Vz ^ = A G [n] y, is even}. 

Definition 3.3. Define for ;z G Z;^, e G {-1, 1}", i G [n], and ^ j ^ i, 

^i,i(^>^)=X] (l<5fc+£[„]\s+i[„]\sW - l'Sfc-q„]\s+iM\s(^)) ' (40) 

S'C[n] 5g{-1,1}^^ 
I^Hi {5,es)=i-2j 

n 

a{z,e) = ^ej {le^+s{j,k){.z) - l.e^+simiz)) , (41) 
i=i 

where we recall that S{i, k) was defined in flTB]) . 

The next lemma follows immediately from an inspection of our definitions. 
Lemma 3.2. The following identities hold true: 

5^ K3{y-x,e)f{y) 

y&Vn 

= 5Z H [^[n]\sf{x + 5k + e^n]\s) - ^[a]\sf{x + 6k - e[n]\s)) , (42) 

SC[n] 5g{_i,i}S 
\S\=i (5,es)=i-2j 

n 

J2 <y - e)f{y) = k{k + l)-i J2 ^3 i^jfi^ + e,) - ^,f{x - e,)) • (43) 

Claim 3.3. // there exits t G [n] such that Zf is even, then a{z,e) = bij{z,e) = for all 
£G{-1,1}". 
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Proof. This follows directly from the definitions of the sets S{j, k), and Lb, since all values 
of the coordinates are odd in all the points of the sets 

Sk + e[n]\s + L[n]\s, - e[n]\s + L[n]\s, ej + S{j,k), -ej + S{j,k), 

for every S C [n], 5 E {-1, 1}^ and e E {-1, 1}". □ 

Claim 3.4. If Zt is odd and either Zt ^ ±k (mod m) for all t E [n], or Izt^l > k for some 
to E [n], then a{z,e) = bij{z,e) = 0. 

Proof. We may assume that z E [— m/2,m/2]". If there is to £ [n] for which l^;^^! > k then 
all the terms in the right hand side of fj40|) and fHTj) are 0. If l^;*] < k for all t E [n], then all 
the terms in the right hand side of fj40l) and fj4Tl) cancel out. □ 

It follows that for 2 ^ § we have a{z,e) = bij{z,e) = for every e E { — 1, 1}" and every 
^ j ^ 2 ^ n. Thus, in particular, identity (H2|) can be rewritten as: 

£)/(?/) 



E E (^M\^^/(^ + + ^M\5) - AM\5/(a: + Sk - • (44) 



SC[n] 5e{-l,l}^ 
\S\=i {S,es)=i-2j 



Note that the definition (14T!) shows that for z G S we have 

a(z, e) = ^ £i - ^ £i = 4 . (45) 



zt=A; zt=-k 



Using Claim [23] and Claim [231 in conjunction with fH51) and fH5]) . we conclude that: 
Lemma 3.5. The following identity holds for all x E and e E {—1, l}*^.' 

n 

Y,e,[£,f{x + e,) - £,f{x - e,)) = _^ T(2/ - ^) © 4 /(^)- (46) 

Lemma 3.6. If z E E> and i ^ t/ien Vj E {0,...,z} and G { — 1,1}", we have 
bij{z,e) = 0. 

Proof. If z > then 

z <^ (5k + £[n]\s + -^MV^) U [sk - e[„]\5 + L[„]\5 j , 

for every 5* C [n] with IS"! = i, and 6 E { — 1, 1}'^. If i = ^4 then there exists exactly one 
subset S C [n] in (l40l) where 2; can appear, namely S = {i E [n] : zi E {—k, k}}. If 

z E (6k + e[n]\s + Lin]\s) U (sk - e[n]\S + L[n]\S^, 

for some 6 E { — 1, 1}'^, then 

z E (6k + e[n]\s + Lin]\s^ Pi (^Sk - e[n]\s + ^Nvs) , 

since for all coordinates i E [n] \ S* we have \zi\ < k. Hence in this case the terms in the sum 
in the right hand side of (HOj) cancel out. □ 
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Lemma 3.7. For every z E E>, e E { — 1, l}", and ^ j ^ i < X^X, 

lzQei = j, 
6„-(^,e) = <j-(«-f-^)) ^zQet = ^-J, 

otherwise. 

Proof. By looking at the elements of 

(6k + ein]\s + Lin]\s^ [J (Sk - ein]\s + L^^ws J , 

it is clear that we must have S [h : Zh E {—k, k}} in order to get a nonzero contribution 
to the right hand side of ( HOj) . For such an S there is at most one 6 E { — 1,1}'^ which 
can contribute to the sum, namely Sh = sgn{zh) for every h E S. But since this S should 
also satisfy {S,es) = i — 2j, we conclude that a non-zero contribution can occur only when 
Izs esi = j- In those cases, there is an actual contribution only if either sgn.{zh£h) = 1 
for every h E {i : Zf E {— fc, k}} \ S, or sgn^ZhSh) = —1 for every h E {i : Z£ E {—k, k}} \ S, 
and those contributions have different signs. The claim now follows. □ 

The following lemma relates, via Lemma 13. 7[ what we have done so far to the bivariate 
Bernoulli numbers. 

Lemma 3.8. There exists a sequence {/ia,/3}o^a^n C M such that for all y E and all 

£€{-1,1}", 

n a 

ty04 = (47) 

a=0 ^=0 

KM ^ . allO<:/3^a (48) 

ha,l3 = K,a-P- (49) 

Proof. Write r = '[zQ and s = |z e],. Thus r + s = \z\ and r — s = "[z Q si- With this 
notation, if we substitute the values of ha^piy.e) from Lemma [3771 the desired identity fH7j) 
becomes: 

n ^ \ n y \ n—s y \ n 



n / \ " / \ n—s y \ n 

a=s ^ /3=0 ^ a=0 ^ ^ 6=0 

ha+s,s (J - ^'>+-^^ ( J ' (^0) 

a=0 ^ ^ b=0 ^ ^ 



where in (<|k) we used the change of variable (3 = b, a = a + s, and in (J|k) we noted that 
r + s = ^ and that the terms corresponding to a > r or 6 > s vanish, while the terms 
corresponding to a = r and b = s cancel out. Thus, the desired identity (l50l) shows that we 
must take ha+b,b = Ba,b, or ha,ii = Ba-p^js. The bound fHHl) is now the same as (!39|) . and the 
identity (H9|) is the same as (138|) . □ 
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3.3. Putting things together. We are now ready to complete the proof of Lemma 12.11 
using the tools developed in the previous two sections. 



Lemma 3.9. Let {/?.Q,/3}o^a^n be the sequence from Lemma \3.8l Then for all f : ZJ^ — )■ X 
and all e G { — 1, 1}" we have, 



X 



< 



e=0 \l) SQ[n]^^rn 

\s\=t 

Proof. For every x G and ^ j ^ i ^ n write 



def 



Note that, 



.i=0 j=0 



. i=0 i=0 
9 



(*) " / ' \ (**) " 

^^2-(^+i) 5^2^+>,,|A,(x) ^ 5^5^2(^+i)(^-^)(. + l)'->,,fA,,(x)^ (52) 

i=0 \i=o / i=0 i=0 



where in (*) we used the convexity of the function t and that X^i^o^ = ^ind 

in (**) we used Holder's inequality. It follows from (!52|) . combined with the bound ( HHj) on 



h^^jj that, 



A;(A; + 1) 



^TV^ E E ^^.J E ^^'i^^ ~ ^' 







) 









<\ ' \ + 1)9-1 jO'j'^" 



A,i(x)^. (53) 



Now, Dij{x) can be estimated using the identity ( l44l) as follows: 



^^A,,(x) ^ ^^^^A,(a:) 



^E E A[„]\5/(x + (5/c + 5[„]\5) - A[„]\5/(x + (5/i;-e[„]\5) . (54) 



SC[n] 5g{_i,i}S 
|5|=i (5,£s)=i-2j 
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Note that the number of terms in the sum in the right hand side of (IMl) is (") (') . Thus 



1 fn 



q-l / .N q-l 
J 



5Z \\n]\sf{.x + 5k + e^n]\s)- ^[n]\sf{.x + 5k-e^n]\s) ■ (55) 



SC[n] 5g{_l,l}S 
\S\=i (5,es)=i-2j 



If we integrate inequahty (135]) with respect to x, use the translation invariance of fi to 
ehminate the additive term 6k in the argument of the integrands, and use the fact that 
is an averaging operator for all B (1 [n], we obtain the bound 



1 (n 



9-1 



SC[n] 
\S\=i 



/ fix + e[n]\s)- f{x-e[n]\s) ^ 



5^ / f{x + e[n]\s) - fix) dfi{x), (56) 



|5|=i 



where in the last step of (l56l) we used the triangle inequality as follows: 



f{x + e[n]\s)- f{x-e[n]\s) 



f{x + ein]\s)- fix) 



/(x) -/(x-£[„,]\5) 



while noticing that upon integration with respect to x, by translation invariance, both terms 
become equal. 

Integrating fl53l) with respect to x, and using fl56l) . we see that that the left hand side 
of flSTl) is at most 



EE 

i=Q j=0 



1 ( (i-fM(n\ (i 



2»fc 



22,-1 ^ 



1=0 



a) 
(i+i)^ 

2*(^) ^^'(^-0! 



V / /(a; + £[„]\5) - /(x) d/i(x) 



5C[n 
|5|=i 



n! 



^ / /(x + £[„]\5) - /(x) d/i(x). (57) 



\S\=i 



Inequality (1571) implies the desired bound (15T|) . since (i + l)''2 * 1 and n\/{n — i)\ ^ n*. □ 

Proof of Lemma \2.1\ It follows from (j43l) and (j46l) that 

<? 



/ / 

-'{-1,1}" Jlr;, 



^3 [^i/(^ + ei) - ^^i/(a; + e^)] 



1=1 



dfi{x)dT{e) 



X 



J{-i,i}" Jz^ /cl/c + yg^^g 



dfi{x)dT{e). {51 



X 
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An application of identity (H7|) now shows that 



'{-1,1}" Jz^ 



\i=0 j=0 j/Gx+S / 



'{-1,1}- JZ^ 

Lemma 12.11 now follows from Lemma 13.91 



d^{x)dT{e). (59) 



X 



□ 



4. Lower bounds 



In this section we establish lower bounds for the best possible value of m in Theorem 11.21 
that is achievable via a smoothing and approximation scheme. Our first result deals with 
general convolution kernels: 

Proposition 4.1. Assume that the probability measures z/i, . . . , z/„, /32 are a {q,A,S)- 
smoothing and approximation scheme on Z!J^, i.e., conditions ([7]) and ([8]) are satisfied for 
every Banach space X and every f : — )■ X . Assume also that m > cA for a large enough 
universal constant c > 0. Then 

(60) 



S>, ^ 



n 



Recall, as explained in Section 11.11 that in order for a smoothing and approximation 
scheme to yield the metric cotype inequality (|5]), we require 5* < 1, in which case the bound 
on m becomes m > An^^'^. Proposition 14.11 shows that 5* < 1 forces the bound A >q 



n. 



and correspondingly m >g n^^^. 

For the particular smoothing and approximation scheme used in our proof of Theorem II. 2 ^ 
the following proposition establishes asymptotically sharp bounds. 

Proposition 4.2. Fix an odd integer k ^ m/2 and consider the averaging operators {£j}^^i 
used in our proof of Theorem i-e., they are defined as in ( TT7|) . // there exist prob- 
ability measures Pi, P2 on EooC^m) /^'^ which the associated approximation and smoothing 
inequalities ([7]) and ([8]) are satisfied for every Banach space X and every f : — > X , then 



A> k and S > min 



n n 
Vk 



(61) 



Proposition 14.21 shows that in order to have S* < 1 we need to require > n, in which case 
A > n, and correspondingly m > n^'*'?, matching the bound obtained in Theorem 11.21 



4.1. A lower bound for general convolution kernels: Proof of Proposition 14.11 

Assume that the probability measures z/i, . . . , z/„, are a (g, A, S')-smoothing and ap- 
proximation scheme, i.e., they satisfy ([7]) and (jS]). It will be convenient to think of these 
measures as functions defined on the appropriate (finite) spaces, i.e., i/i, . . . , z/„ : — > [0, 1] 

and /5i,/32 :^oo(Z:;) ^ [0,1]. 
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For a probability measure v on Z^, let Pj[y) be the probability measure on which is 
the marginal of v on the jth coordinate, i.e., 



def 



Define the absolute value of a; G to be |x| = min{a;, m — x}. 
Lemma 4.3. Assume that ui, . . . , z/„, f3i satisfy ([7]). T/ien for every s eN we have: 

1 " 



(62) 



j=l xi 



\xj\>s 



Proof. We shall apply (171) with X = Let : R — )• R be the truncated jigsaw function 
with period 12s, depicted in Figure [TJ 



As _ 




12s 



Figure 1. Qs is truncated jigsaw function. 
Define /, : ^ X by 



fs{x) = {gs{xi),gs{x2), gs{xn))- 

The Lipschitz constant of fs with respect to the i^o metric on ZJ^ is 1, and therefore it follows 
from ([7D that 



n ^ 

j=i 



ts * - 



fshn dA ^ - E / II/- * - /-II'" ~ (63) 
For every x G Z^ and j G [n] , 
{fs * - fs){x) = E ^j{y)Us{x - y) - /.(x)) 

= E ^j(^) (fi's(2;i - yi) - 9s{Xi), gs{Xn - Vn) " QsiXn)) ■ 

Assume that 

{x^ mod 12s) G [0, s] U [12s - s, 12s - 1]. (64) 
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When 3s ^ \yj\ ^ 4s, we have gs{xj — yj) — gs{xj) ^ s, and for every yj G Z^, we have 
gs{xj - yj) - gs{xj) ^ 0. Hence, 

\\{fs * - fs){x)\\i^ ^ ^ z/j(2/)(c/,(xj- - yj) - gs{xj)) 



^ sPj{vj)(^{z e'L.r,: 3s ^ |z| ^ 4s} (65) 



Note that (l64l) holds for a constant fraction of x G ZJ^, and hence by integrating (165|) over 
Z" we obtain: 



E ^Ay)^-[ \\{fs*i^,-fs){x)\U^yf,{x). (66) 

S / 



3s^|j/j|^4s 

Averaging (!66|) over j G {1, . . . , n} and using (163|) we get 

{66llAl(63ll ^ 



1 - IMJAlMJ A 



n ^ — ' ^ — ' s 



Therefore 

-E E '^^■(^) = E-E E '^^•(^) ^ E 77717^^ 



OO , 71 Jovl OO 



1^ A A ^ 



^ ^ ~ ^ s- (4/3)^ ~ s' 

^■^^Si ^■^^3[(|)^^.J,|.,K4^(|)^.J 

Corollary 4.4. Assume that m > cA for a large enough universal constant c G N. Then: 

1 " 1 

-EE + 1) - ^:'('^^)(^ - ^ I- (68) 

j=l zeZm 

Proof. We may assume that A is an integer. By Lemma I4.3[ for c large enough we have 

n „ 1 3cyl+2 ^ 

-E E ^.•('^.•)(^)^7 5^ p.(-.)(^)^T. 



Therefore, 



n ^ — ' — ' 4 n 

i=l \z\ficA j=l z=cA+2 



11 1 

2 ^ ^E E ^>.)(^)--E E ^.•(-.)(^) 



^E E [PA^j)iz)-Pjiu,)iz + 2cA + 2)] 

j=l \z\ficA 
^ n cA+1 

-EE E[^:'(^^)(^+2(^-i))-^.(^.)(^+2t)] 



i=i \z\^cA t=i 
A " 

^ -EE i^^('^^)(^+i)-^^('^^)(^-i)i' 

i=l 2GZ™ 

as required. □ 
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Proof of Proposition We shall apply the smoothing inequality ([8]) when X = /i) 
and / : — )• X is defined as /(x) = ■ 6{x}, i-e., for x G ZJ^ the function /(x) : — )■ M 
is 



def m" a; = 



otherwise. 
For every e E {—1, 1}"" and x G we have: 

n 

Yl ^3 if * ^ji^ + ej) - f*Uj{x- Cj)) 



(69) 



By Kahane's inequality [TJ |2T] and the fact that Li(Z^,/i) has cotype 2 (see [21]). 



j=i \?/ez;^ 



dT{e) 



( 



> 



^ (z/j(l/ - ej) - z/j(?/ + ej))/(x - y) 
Note that by the definition of /, for every x G Ij^ and j G [n] we have, 



q/2 



(71) 



Li(Z^,m)/ 



E (z/j(y - Cj) - z/j(?/ + ej))f{x - y) 



Li(Z^,m) 



Zi=W 



Y |P,(^,)(^-1)-P,(^,)(^ + 1)|. (72) 



Hence, 



1 " 

-E 



E i^Av - ^i) - '^id/ + ej))f{x - y) 



G2j / 1 " ^ \ - El 1 



j=i uiez,, 
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Finally, since ||/(a;) - f{y)\\Lriz^,t.) ^ ll/(a;)||Li(z^,M) + 
we can use the smoothing inequality ([8]) to deduce that 



Li(Z^,m) 



^ 2 for all x,y eZ"^ 



Wfix) - f{y)\\l,(^zn^,^)df32{x,y) 



^3 if * ^ji^ + ^j) - f*i^j{x- ej)) 



dT{6)dfl{x] 



> 



n 



q/2 



where in the last step we used the identity (170|) . combined with the inequalities (1711) and (!73|) . 
The proof of Proposition 14.11 is complete. □ 



4.2. A sharp lower bound for Sj averages: Proof of Proposition 14.21 Recall that 
S{j, k) is defined in (fT6!) . and in the setting of Proposition 14.21 we have: 



Let s G {{k + l)/2, {k + 3)/2} be an odd integer. By the definition of S{j, k) we have 



|a;j|>s 



A;(A; + 



Plugging this estimate into ( !62l) we see that A/k > 1, proving the first assertion in ( !6T1) . 

To prove the second assertion of Proposition 14.21 we shall apply the smoothing inequal- 
ity (E]), as in Section WA\. to the Banach space X = Li(ZJ^,/x) and the function / from ( 169|) . 
i.e., f{x) = m"-S{x} £ -^i(^m5/^)- We shall use here notation from Section [321 

In our setting, the value of 

n 

does not depend on x G ZJ^ and e G { — 1, 1}". Thus the left hand side of (IH]) equals (by 
Lemma 13. 5p , 

Q 

At the same time, as noted in Section UT] the right hand side of ([8]) is < 5''^. It follows that 



(74) 



where Z = and {^j}"^]^ are i.i.d. random variables taking the with probability 

1^, and each of the values {—1,1} with probability The last equality in ( 17^ is 

an immediate consequence of the definitions of § and 



. Writing p = we have 



E [Z"^] = np and E [Z^] = np + n{n — l)p^. By Holder's inequality it then follows that we 



have S > E[Z] ^ \\Z\ 



min I y/np, np} , completing the proof of Proposition 14. 21 □ 
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4.3. Symmetrization. We do not know what is the smallest m for which the metric cotype 

inequality ([5]) can be shown to hold true via a smoothing and approximation scheme: all we 

i+- -+- 

know is that it is between n i and i. In this short section, we note that the special 
symmetric structure of the smoothing and approximation scheme that we used in the proof 
of Theorem 11.21 can be always assumed to hold true without loss of generality. This explains 
why our choice of convolution kernels is natural. Additionally, this fact might be useful in 
improving the lower bound on m of Proposition 14. though we do not know how to use it 
in our current proof of Proposition 14.11 

For TT G Sn, i.e., a permutation of [n], and x G Z^, write 



X 



def 



{Xtt{1) , a;,r(2) 5 • • • 5 2;7r(n) ) • 



For / : Z;; ^ X we define f^:Zl^^Xhy f^{x) = fix""). Note that if i/ is a probability 
measure on Z!^ then for all x G Z" we have 



/*Zy-= . (75) 

Indeed, 



f*u^x)= f{x-yMy-)dfi{y)= f fx - z^-') u{z)dfi{z) 

r~' (x" - z) u{z)dij{z) = * z/(x") = l^r'' *uy (x). 



It follows from (1751) that 

ii/-'-/iiM.=..x,Hk'""*''-^'"IL,.,,x,- p«) 

Lemma 4.5. Assume that the probability measures i/i, . . . , z/„, are a {q, A, S)-smoothing 

and approximation scheme. Then there exist probability measures i^i, . . . , z/„ on ZJ^ and two 
probability measures /3i,/32 on i?oo(^m); ■^'^^/i that 

1. The sequence i/i, . . . , z/„, is also a (g. A, S)-smoothing and approximation scheme, 

2. For any j, h G [n] we have uj = where (j, h) G Sn is the transposition of j and h. 

3. For every j, h E [n] \ {i} we have Pj{vi) = Ph{vi). 



Proof. Define for j G [n] 



_ def 
V. 



We also define for {x,y) G £'oo(Zm)) 

Mx,y) = ^TPiix\y'') and ^2(x, y) = ^ V /32 (x^ y^) . (7J 



ni ^ — ' n\ 
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Fix / : — )■ X and assume the validity of the approximation and smoothing inequah- 
ties ([7]), ([8]). Then, by the convexity of || ■ ||^, 

izSjAiinli 1 



j = l •'^m ,reS'„ j = l 
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(79) 



This is precisely the approximation property for z/i, . . . , i/„, /32. 
Similarly, 




{-1,1}" 



m 1 ^ 

^ -E 




{-1,1}- 



(^/ * '^jl^^ + 6j) — f * — Cj) j dT{e)dfi{x) 

X 

n 

Note that 

n 

^] (/ * K{3) i^ + ej)-f* Ku) - ^i)) 

n 
i=l 



dT{e)dfi{x). (80) 



- e, 



^1) 



where we made the change of variable j = tt ^{i) and used the fact that ^ = e,r(r) for all 
r G [n] and vr G 5'^. Hence, 



^Z^ ^{-1,1}" j=i ^ 



dT{e)dfi{x) 



m 




n 

^/'^ * Z/r(a; + Cr) — P * l^r{x — Cr 

r=l 



dT{e)dfi{x). (82) 



The smoothing inequality for i/i, . . . , z/„, (32 now follows: 



JZ^ ^{-1,1}" ^ 



*Vj^x-ej^ 



dr{e)dii{x) 



X 



l(80)l A l|82l lAl|8)l 



\\f{x)-f{y)\\\dUx.y). 



Assertions 2. and 3. of Lemma [4.51 follow directly from the definition ( I77|) . 



□ 
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